In this paper, we consider a network of supplier, producer, retailer and customer which synchronizes a series of inter-related business process -in terms of integrated supply chain production inventory model. The whole system is considered for a finite time period with imprecise inventory costs. There are imprecise chance constraints on the transportation costs for both producer, retailer and also a fuzzy space constraint for producer is considered. The objective of the model is to minimize the total inventory related cost to find: (i) optimal collection rate incurred by the supplier for supplying raw materials to producer, (ii) the optimal procurement rate of the producer and (iii) the optimal replenishment of the retailer from the producer on the basis of the customer's demand. Rommelfanger method [28, 29] is used to handle fuzzy inequalities. The fuzzy model provides the decision maker with alternative decision plans for different degrees of satisfaction. This proposal is tested by using an illustrative numerical example.
Introduction
A supply chain model (SCM) is a network of supplier, producer, distributor and customer which synchronizes a series of inter-related business processes in order to plan for: (i) optimal procurement of raw materials from open market, (ii) transportation of raw materials into warehouse, (iii) production of the goods in the production centre and (iv) distribution of these finished goods to retailer for sale to the customers. With a recent paradigm shift to the supply chain (SC), the ultimate success of a firm may depend on its ability to link supply chain members seamlessly. As global markets became more competitive, supply chain coordination became a key component for enhancing its profitability and responsiveness.
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Mathematical Preliminaries

Fuzzy Number (Dubois and Prade [13])
A fuzzy number A is a fuzzy set on the real line, ℜ, if its membership function µ has the following properties:
(i) 
LR Representation of Fuzzy Numbers (Dubois and Prade [13])
A fuzzy numberÃ on the real line ℜ is said to be a L-R type fuzzy number if there exist left reference function L and right reference function R such that its membership function µÃ(x) is given by:
The fuzzy number A can be written in the LR form as A=(m, α, β ) LR . In this paper one of the simplest reference function, L(x)=R(x)=Max(0, 1-|x|), is used.
General fuzzy linear programming problem
The Taking d to be the fuzzy aspiration level, corresponding to the objective function, decision maker (DM) need to construct feasible region corresponding to the fuzzy linear inequality
To get a satisfactory solution to above FLPP, we need to obtain a suitable crisp equivalent representation of the fuzzy constraints in (2.1). In the literature there are various ways to represent fuzzy linear inequalities. An exhaustive survey of those methods is given by Rommelfanger [29] . We have used the Rommelfanger's interpretation [28] , in our model. The set of points satisfying the i th constraint in (2.1) is a fuzzy set, let this set be
has the form, by extension principle, 
Therefore the entire fuzzy constraints are converted to
By the similar reason, considering the fuzzy number d to be
2.4 Conversion of the above fuzzy optimization problem (2.3) to its crisp equivalent by Rommelfanger [28, 29] In practice, to obtain a suitable membership function(µ), of the above fuzzy inequality relations, DM usually begins with some satisfactory levels. It is assumed that the DM can express a satisfactory level of achievement for the j th fuzzy goal as d A j corresponding to a 'critical membership level' λ A , 0 ≤ ε ≤ λ A ≤ 1, where ε represents level of satisfaction of DM. When µ < ε then DM will not be satisfied and hence DM always discard the portion of the membership function when µ < ε and the DM will accept a solution for µ ≥ λ A (Chakraborty [9] ). According to Rommelfanger method [28, 29] , (2.3) is equivalent to:
Where
According to Rommelfanger, (2.4) is equivalent to: Where
Assumptions and Notations
The following notations and assumptions are used in developing the model.
Assumptions
(i) The model is developed for a finite time horizon.
(ii) Multiple suppliers, single producer and multiple retailers are considered.
(iii) Collection rate of raw materials and production rate of the produced goods are constant.
(iv) holding cost, set-up cost, purchasing cost by retailer, total warehouse space, total transportation cost to transport raw materials from suppliers to production warehouse, total transportation cost to transport the produced goods from producer to retailer are taken as fuzzy.
(v) Shortages of goods are allowed and fully backlogged.
(vi) Multiple lot-size deliveries per order are considered instead of a single delivery per order.
(vii) Lot size is same for each delivery.
(viii) Space constraints to the producer are there.
(ix) There is limited transportation cost.
(x) Defective items are discarded.
Notations
For supplier
(ii) q sl (t) = inventory level of l th supplier at time t.
(iii) C l = collection rate of l th supplier(a decision variable).
(iv) Q sl = maximum inventory of l th supplier at each interval.
(v) h sl = fuzzy holding cost of l th supplier per unit quantity per unit time.
(vi) p sl = per unit purchasing cost of goods of l th supplier(constant).
(vii) A s = fuzzy ordering cost per unit quantity.
(viii) TC s = suppliers's raw material cost which is fuzzy in nature.
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For producer's warehouse
(ii) U = production rate of the finished goods (a decision variable).
(iii) Q pw =maximum inventory at each interval.
(iv) h pw = fuzzy holding cost per unit quantity per unit time.
(v) p pw = per unit production cost of goods(constant).
(vi) A pw = fuzzy ordering cost per unit quantity.
(vii) TC pw = fuzzy total cost of raw materials for producer's warehouse.
For the producer
(ii) λ p = defective rate of production.
(iii) Q p =maximum inventory of produced goods at each interval.
(iv) h p = fuzzy holding cost per unit quantity per unit time.
(v) p p = per unit production cost of goods(constant).
(vi) A p = fuzzy ordering cost per unit quantity.
(vii) TC p = fuzzy total cost for producer's finished goods. (ii) q rk (t) = inventory level of k th retailer at time t .
(iii) D k = demand rate of the produced goods of k th retailer.
(iv) Q rk = maximum inventory of k th retailer at each interval.
(v) h rk = fuzzy holding cost of k th retailer per unit quantity per unit time.
(vi) p rk = per unit purchasing cost of k th retailer of the goods which is fuzzy in nature.
(vii) A r = fuzzy ordering cost per unit quantity.
(viii) C 3k = per unit shortage cost of k th retailer which is fuzzy in nature.
(ix) S rk = total amount of shortage of k th retailer which is fuzzy in nature.
(x) TC r = fuzzy total cost for the retailer.
Common notations
(i) T = length of time horizon.
(ii) N = number of deliveries per time horizon T (a decision variable).
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(iv) T 1 = length of time of each of the N equal sub intervals of order cycle T (a decision variable). Here T =NT 1 (v) T r = total shortage period.
(vi) W = available fuzzy total space to keep the raw materials in the warehouse to keep the finished goods.
(vii) T 11 = allowed maximum fuzzy transportation cost to transport the raw materials from suppliers's to production warehouse.
(viii) T 21 = allowed maximum fuzzy transportation cost to transport the produced goods from producer to retailers.
Mathematical Formulation
Here a supply-chain system which consists of multiple suppliers, a producer (having a warehouse and a production centre) and multiple retailers. The suppliers collect raw materials at a constant collection rate from open market, then these raw materials are purchased by producer and then transported and stored in his/her warehouse, from which raw materials are used for production. Finished goods are produced (along with defectiveness) at a production rate which is taken as control variable. Then the goods are purchased by the retailers, who sell these goods in a market. The system is considered over a finite time horizon and hence several cycles of procurement, production, etc are repeated within the said time period. There are some resource constraints for the producer and retailer on purchasing the raw materials and finished goods respectively. For the retailer, the model is developed with shortages which are fully-backlogged. The purpose of this study is to find the optimal collection rate, optimal production rate, the number of cycles to each partner and length of time of each of the N equal sub intervals of order cycle so that total cost is minimum.
Total cost from supplier's perspective
Supplier's raw material inventory quantity q sl (t) at any time t can be expressed as
Now with the help of boundary condition q sl (iT 1 ) = 0 the inventory at any time t, q sl (t), is given by:
and using the boundary condition q s ((i + 1)T 1 ) = Q s , we get,
Holding cost of raw material is equal to h sl
So total holding cost of raw material is equal to
Total collection cost of raw material is equal to
As per the inventory model, the total cost for the supplier is the sum of the set up cost, collection cost and holding cost as follows: 
Inventory model of raw material in producer's warehouse
The inventory level of raw material at the producer's warehouse at time t, q pw determine by the linear differential equation
The inventory conditions for the model are:
Therefore using the condition q pw ((i+2)T 1 )=0 the inventory at any time t is given by:
Using the condition q pw ((i+1)T 1 )=Q pw , we get,
Holding cost of raw material is equal to h pw
Total purchasing cost of raw materials is equal to
Hence the total cost of the production model for the producer's warehouse is the sum of the set up cost, purchasing cost of raw material and holding cost as follows:
Inventory model of producer's finished goods
The finished goods inventory level for the producer with unknown production rate U is described by the following differential equation:
(4.9)
The boundary conditions are q p {(i+1)T 1 }=0 and q p {(i+2)T 1 }=Q p . Therefore using the condition q p {(i + 1)T 1 } = 0 the inventory at any time t is given by:
Using the condition q p {(i + 2)T 1 } = Q p , we get,
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In this case holding cost is equal to
Total production cost is equal to
The total cost for the production inventory model for the producer due to finished goods can be expressed as the sum of the setup cost, production cost and holding cost as follows:
Inventory model for the retailer for finished goods
If q R (t) be the inventory of the finished goods at any time t for the retailer D and if t b i be the time of shortage for the retailer in the i th cycle, the governing differential equations are: Therefore using the condition q Rk {(i + 1)T 1 } = 0 the inventory at any time t is given by:
Using the condition q rk {(i+2)T 1 +T r }=0, we get,
Using the condition q rk ((i+3)T 1 )=S r , we get,
Now using q rk {(i + 2)T 1 + T r } = 0, we get,
In this case holding cost is equal to So total holding cost of finished goods is
Shortage cost is equal to
Total shortage cost is equal to
Total purchasing cost is equal to
The total cost of the Economic Order Quantity (EOQ) model for the retailer due to finished goods can be expressed as the sum of the setup cost, production cost, holding cost and shortage cost as follows:
Model Formulation
We tackle the model into five consecutive steps which are as follows:
Step I: Construction of inventory model for cost Minimization Assuming the whole system is owned and managed by a single concern / management the problem reduces to a single objective minimization problem as:
Using the relations (4.6), (4 Where
2 ,
Step II: Determination of goal / aspiration of objective function Let D be the fuzzy aspiration level of the above fuzzy goal of the objective function such that
are of same LR type fuzzy number. Then the above inequality will reduces to:
Now if, x * is the optimal solution of Minimize (a(x))
Subject to 
Subject to
Putting the value of d from the first equation to the second equation we will get δ . Then we will get the fuzzy number
Step III: Conversion of the fuzzy objective function into its crisp equivalent Hence the above inequality is equivalent (Rommelfanger [28, 29] ) to:
where g A 4 =d+δ R −1 (λ A ).
Step IV: Conversion of the imprecise-chance constraints into their crisp equivalent systems
where
Where Assuming
Where g A 2 =b T 11 +β
Step V: Final form of the proposed model:
Then finally the given problem reduces to:
Using the membership functions of µ M , µ C 1 , µ C 2 , µ C 3 the above problem reduces to:
Numerical Illustration
To illustrate the proposed three level supply chain model, we consider two suppliers, a producer (having a warehouse and a production center) and two retailers. The following input data are considered:
) RR = (1200, 0, 40) RR . and other parameters are given in Table 1 to Table 4 as follows: Here, it is seen that, the rate of production is equal to the average rate of collections. It is also seen that the total length of time horizon is 1.2 years.
7 Sensitivity analysis
Sensitivity analysis of defective rate
In order to study, how defective rate of the production affects the optimal solution of the integrated inventory model, a defective rate sensitivity analysis is performed. The results of the sensitivity analysis with the parameter are shown in table-5. The main conclusions drawn from the defective rate sensitivity analysis are as follows: From table-5, it is seen that, when defective rate increases, U tend to increase. It happens to satisfy the demand of the fresh item. Simultaniously, as production rate(U) increases, it needs to increase the collection rates(C 1 , C 2 ). As a whole total numbers of subintervals(N) and total cost(TC) increases. But as total time horizon is fixed, the length of subinterval(T 1 ) decreases as defective rate increases. 
Sensitivity analysis of demand
In order to study how various demands affect the optimal solution of the integrated inventory model, a demand sensitivity analysis is performed. The results of the sensitivity analysis with these parameters are shown in table-6. The main conclusions drawn from the defective rate sensitivity analysis are as follows: From table-6, when demand increases, consequently production rate(U) and collection rates(C 1 , C 2 ) increase. As a whole total numbers of subintervals(N) and total cost(TC) increases. But as total time horizon is fixed, the length of subinterval(T 1 ) decreases as defective rate increases tend to decrease. This paper addresses optimal order quantity placed by the retailers, production rate of the producer and the collection or production rate of the suppliers to minimize the supply-chain cost. Here, it is seen that all these control variables directly or indirectly depend on the demand by the customers placed to the retailers. From mathematical representation and numerical results, it is also observed that (i) producer's product amount in a cycle = sum of order quantities of all the retailers for a single cycle = total demand of the customers during the cycle time to all retailers, (ii) The stored amount of raw-materials by the producer= sum of the collection or production amount of all the suppliers during the cycle period, (iii) the production rate of the finished goods is proportional to the defective rate of the item. Here, fuzzy chance constraints on the transportation costs for both producer, retailers and also a space constraint for producer (to contain finished goods and different raw materials) is considered. The different supply-chain costs are imprecise in nature. The EOQ business process by the different retailers also may follow shortage of the finished goods. Considering all these real-life scenarios the supply-chain model is optimized for a finite number of sub-intervals in the finite time horizon. The above discussed model can be extended in some managerial systems like credit period (one level or two level), reparing systems, warranty systems etc. The method (Rommelfanger's method) used in this paper can also be used in several EOQ or EPQ or JELS model which will be very effective for those models. The parameters like demand, collection rate, production rate etc. may be taken as imprecise in nature.
